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Answer THREE of the FOUR questions.
If more than three questions are attempted, credit will be given for the best three answers. Each Question

is worth 20 marks.

Electronic calculators are permitted, provided they cannot store text.
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1.

(a) Suppose we have two products, X and Y , and two machines M1 and M2.

• M1 takes 50 minutes to produce one unit of X and 20 minutes to produce one unit of Y .

• M2 takes 30 minutes to produce one unit of X and 60 minutes to produce one unit of Y .

• Machine M1 can run 500 minutes a day, while machine M2 can run 600 minutes a day.

• One unit of X sells at £20, one unit of Y at £10.

What is the most we can earn in one day?

Formulate a linear programming problem of the form

minimize 〈c, x〉
subject to Ax ≤ b,

with x ∈ R2, that solves the above assignment problem. Sketch the polyhedron of feasible points,
determine the vertices, and find the optimal solution.

[6 marks]

(b) State, with justification, which of the following problems is convex.

(i) minimize ‖x‖1 subject to ‖x‖2 = 1;

(ii) minimize x1 − x2 subject to ex1 ≤ 1, 2x2 ≤ 3;

(iii) maximize − ln(1 + ex);

(iv) minimize x2
1 − x2

2 subject to x1 + x2 = 1.

[4 marks]

(c) Describe the method of gradient descent with exact line search for minimizing a function f ∈ C1(Rd).
Given a tolerance ε > 0, consider the following two “stopping criteria” for the algorithm:

(i) ‖xk+1 − xk‖2 < ε;

(ii) ‖∇f(xk)‖2 < ε.

State, with justification, which of these criteria is better.

[5 marks]

(d) Describe the Slater conditions for strong duality of a convex optimization probelm. Give an example
of a convex optimization problem for which strong duality does not hold.

[5 marks]
[20 marks]
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2.

(a) Consider the linear programming problem

minimize x1 subject to x1 + x2 = 1, x1 ≥ 0, x2 ≥ 0.

Write down the optimality conditions for this problem. Define the central path, and write down the
equations that describe this central path for the above problem.

(b) Determine the Lagrange dual of the following problem.

minimize x2 + 1 subject to (x− 2)(x− 4) ≤ 0.

Does strong duality hold? [5 marks]

(c) Define what it means for a sequence {xk}, k ≥ 0, to converge linearly to x∗. Give an example of a
sequence that converges linearly but not quadratically.

[5 marks]

(d) Determine which of the following statements is true and which is false.

(i) A bounded convex set C ⊂ Rd and a point x ∈ Rd, x 6∈ C, can be strictly separated by a
hyperplane;

(ii) A function f ∈ C2(Rd) is convex if and only if for all x,y ∈ Rd,

f(y) ≥ f(x) + 〈∇f(x), y − x〉 ;

(iii) The method of steepest descent for minimizing a convex function converges quadratically;

(iv) A convex function is differentiable.

[4 marks]
[20 marks]
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3.

(a) Consider the following problem

minimize x2
1 + x2

2

subject to (x1 − 1)2 + (x2 − 1)2 ≤ 1

(x1 − 1)2 + (x2 + 1)2 ≤ 1.

Sketch the feasible set and the level sets of the objective function, and determine an optimal point x∗

and the corresponding optimal value p∗. State the KKT conditions for this problem. Do there exist
Lagrange multipliers that certify that x∗ is an optimal point?

[6 marks]

(b) Show that if A is a symmetric, positive definite matrix, then the function f(x) = x>Ax is convex.
Is the converse true?

[4 marks]

(c) Which of the following functions is convex?

(i) f(x) = ‖x‖∞;

(ii) f(x) = e−x;

(iii) f(x, y) = x+ 2y − 7;

(iv) f(x, y) = −x.

[4 marks]

(d) Let A ∈ Rd×d be a positive semidefinite matrix, c,d ∈ Rd and b ∈ Rm, such that 〈d, x〉 > 0
whenever Ax+ b ≥ 0. Consider the optimization problem

minimize
〈c, x〉2

〈d, x〉
subject to Ax+ b ≥ 0.

(1)

Formulate an equivalent semidefinite programming problem, i.e., a semidefinite problem whose so-
lution corresponds to a solution of (??).

HINT: You may use that a block diagonal matrix is positive semidefinite if its blocks are positive

semidefinite, and that a matrix
(
a b
b c

)
is positive semidefinite if and only if a ≥ 0 and ac− b2 ≥ 0.

[6 marks]
[20 marks]
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4.

(a) Consider the function
f(x1, x2) = (x1 + x2

2)
2.

Carry out one Newton iteration for minimizing f with starting point (0, 1)>. Show that the first iterate
gives a minimizer of the problem.

HINT: You may use the formula(
a b
c d

)−1
=

1

ad− bc

(
d −b
−c a

)
.

for inverting a 2× 2 matrix.

[6 marks]

(b) Given two sets of points v1, . . . ,vk ∈ Rd and w1, . . . ,w` ∈ Rd, formulate the problem of finding a
hyperplane separating the vi from the wj , i.e., a vector x ∈ Rd and b ∈ R such that

〈vi, x〉 < b, 1 ≤ i ≤ k, 〈wj, x〉 > b, 1 ≤ j ≤ `,

as a linear programming feasibility problem. Show that the feasibility problem has a solution if and
only if the convex hull of the vi and the convex hull of the wj are disjoint.

[5 marks]

(c) Convert the following convex optimization problem into an equivalent linear programming problem.

minimize ‖Ax− b‖∞ subject to ‖x‖1 ≤ 1.

[5 marks]

(d) State Farkas’ Lemma and give a geometric interpretation.

[4 marks]
[20 marks]
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