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Answer THREE of the FOUR questions.
If more than three questions are attempted, credit will be given for the best three answers. Each Question

is worth 20 marks.

Electronic calculators are permitted, provided they cannot store text.
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1.

(a) A publisher has orders from Manchester for 600 copies of an optimization textbook and orders from
Oxford of 400 copies. The company has 700 copies in a warehouse in Liverpool and 800 copies in
a warehouse in London. It costs £5 to ship a book from Liverpool to Manchester, but it costs £10
to ship it to Oxford. It costs £15 to ship a text from London to Manchester, but it costs £4 to ship it
from London to Oxford. The problem is to determine how many copies should be shipped from each
warehouse to Manchester and Oxford to fill the order at the least cost.

Formulate a linear programming problem of the form

minimize 〈c, x〉
subject to Ax ≤ b,

with x ∈ R4, that solves the above assignment problem. Can you guess the optimal solution from the
text (without formally solving the LP)? [5 marks]

(b) After eliminating two of the four variables, the LP problem from (a) can be simplified to the form

minimize− 5x1 + 3x2

subject to x1 + x2 ≤ 700

x1 + x2 ≥ 200

0 ≤ x1 ≤ 600

0 ≤ x2 ≤ 400

Sketch the feasible set and the objective function, and identify the vertices of the feasible polygon
from the graph. Use the equations for the feasible set to verify that the points found are indeed the
vertices, and find the optimal points of the LP.

[5 marks]

(c) Consider the linear programming problem

minimize x2 subject to x1 − x2 = 2, x1 ≥ 0, x2 ≥ 0.

Write down the optimality conditions for this problem, and show that for every τ > 0, there is a
unique point (x1(τ), x2(τ), y(τ), s1(τ), s2(τ)) on the central path.

HINT: Use the optimality conditions to express x2 and s2 in terms of x1 and s1. Then use the identities
xisi = τ to construct a quadratic equation in x1, for which the solutions are functions of τ . Show that
only one of the solutions gives a point on the central path. [6 marks]

(d) Convert the following convex optimization problem into an equivalent linear programming problem.

minimize ‖Ax− b‖1 subject to ‖x‖∞ ≤ 1,

where A ∈ Rm×n, x ∈ Rn and b ∈ Rm. [4 marks]
[20 marks]
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2.

(a) Explain the concept of supervised learning and show how it can be posed as an optimization problem
using a loss function.

(i) Give three examples of supervised learning problems.

(ii) Describe a key problem that arises when using methods such as gradient descent or Newton’s
method on supervised learning tasks with large data sets. How can such a problem be overcome?

[4 marks]

(b) Let x ∈ Rp and y ∈ R be given.

(i) Show that the matrix
xxT ∈ Rp×p

is positive semidefinite. Is it positive definite?

(ii) Use (i) to show that the function

f(w, τ) = ln
(
1 + e−(x

Tw−τ)y
)

is a convex function of (w, τ).

(iii) Given a set of vectors xi ∈ Rp and labels yi ∈ {−1, 1}, 1 ≤ i ≤ N , describe how this data can
be used, together with the function f , to construct a linear classifier that assigns new data to one
of two categories, and discuss potential applications.

[6 marks]

(c) Given two sets of points v1, . . . ,vk ∈ Rn and w1, . . . ,w` ∈ Rn, formulate the problem of finding a
hyperplane separating the vi from the wj , i.e., a vector x ∈ Rn and b ∈ R such that

〈vi, x〉 < b, 1 ≤ i ≤ k, 〈wj, x〉 > b, 1 ≤ j ≤ `,

as a linear programming feasibility problem. Show that the feasibility problem has a solution if and
only if the convex hull of the vi and the convex hull of the wj are disjoint.

[5 marks]

(d) State, with justification, which of the following problems is convex.

(i) minimize ‖x‖2 subject to ‖x‖∞ = 1;

(ii) minimize x1 + x2 subject to log x1 ≤ 0, x2 ≤ 6;

(iii) minimize − ln(1 + ex);

(iv) minimize x41 − x24 subject to x1 − x2 = 1.

How can the problem (ii) be transformed into an equivalent convex problem? [5 marks]
[20 marks]
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3.

(a) Determine the Lagrange dual of the following function.

minimize (x− 1)(x+ 1) subject to (x− 1)(x+ 4) ≤ 0.

Does strong duality hold? [6 marks]

(b) Consider the following problem

minimize x21 + 2x22
subject to (x1 − 1)2 + x22 ≤ 1

x2 = 1.

Sketch the feasible set and the level sets of the objective function, and determine an optimal point x∗

and the corresponding optimal value p∗. State the KKT conditions for this problem. Do there exist
Lagrange multipliers that certify that x∗ is an optimal point?

[5 marks]

(c) Let A ∈ Rn×n be a positive semidefinite matrix, c ∈ Rn and b ∈ Rm. Consider the optimization
problem

minimize 〈c, x〉2

subject to Ax+ b ≥ 0.
(1)

Formulate an equivalent semidefinite programming problem, i.e., a semidefinite problem whose so-
lution corresponds to a solution of (1).

[5 marks]

(d) State Farkas’ Lemma. Give a geometric interpretation of the following variation of Farka’s Lemma:
given A ∈ Rm×n, there exists a vector x ∈ Rn with x > 0 such that

Ax = 0

if and only if for every y ∈ Rm with A>y ≥ 0 we have A>y = 0.

[4 marks]
[20 marks]
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4.

(a) Describe Newton’s method for minimizing a function f ∈ C2(Rd). Describe, with justification, a
class of functions for which Newton’s method converges in one iteration.

[5 marks]

(b) Consider the function
f(x1, x2) = (2x21 + x2)

2.

Carry out one Newton iteration for minimizing f with starting point (1, 0)>. How many iterates are
needed to converge to a minimizer?

HINT: You may use the formula(
a b
c d

)−1
=

1

ad− bc

(
d −b
−c a

)
.

for inverting a 2× 2 matrix.

[6 marks]

(c) Define what it means for a sequence {xk}, k ≥ 0, to converge quadratically to x∗. Give an example
of a sequence that converges quadratically, and one of a sequence that does not converge quadratically
(with justification).

[5 marks]

(d) Determine which of the following statements is true and which is false. In case it is false, provide a
counterexample.

(i) Two bounded convex sets C ⊂ Rn and D ⊂ Rn can be strictly separated by a hyperplane;

(ii) A function f ∈ C2(Rn) is convex if and only if for all x ∈ Rn,

∇2f(x) � 0,

where the relation relation � means that a matrix is positive definite;

(iii) Newton’s method for minimizing a convex function converges quadratically for any starting
point;

(iv) A differentiable function with a unique minimum is convex.

[4 marks]
[20 marks]
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