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Problem Sheet 8
Problems in Part A will be discussed in class. Problems in Part B come with

solutions and should be tried at home.

Part A
(8.1) Consider the general convex optimization problem

minimize f(x) subject to f(x) ≤ 0, Ax = b.

The central path consists of the set of solutions x(t), t > 0, of the barrier problem

minimize tf(x) + ϕ(x) subject to Ax = b,

where ϕ(x) = −
∑m

i=1 log(−fi(x)) is the logarithmic barrier function. Show that
a point x is equal to a point x∗(t) on the central path if and only if there exist dual
multipliers λ∗ and µ∗ such that the following conditions are satisfied:

f(x∗) ≤ 0

Ax∗ = b

λ∗ ≥ 0

−λ∗i fi(x∗) =
1

t
, 1 ≤ i ≤ m

∇xf(x
∗) +

m∑
i=1

λ∗i∇xfi(x
∗) +A>µ∗ = 0,

(8.2) Determine the Lagrange dual of the following function.

minimize (x− 1)(x+ 1) subject to (x− 1)(x+ 4) ≤ 0.

Does strong duality hold?

(8.3) Consider the following problem

minimize x21 + 2x22

subject to (x1 − 1)2 + x22 ≤ 1

x2 = 1.

Sketch the feasible set and the level sets of the objective function, and determine an
optimal point x∗ and the corresponding optimal value p∗. State the KKT conditions
for this problem. Do there exist Lagrange multipliers that certify that x∗ is an optimal
point?
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Part B
(8.4) Consider the problem

minimize x>Wx subject to x2i = 1, 1 ≤ i ≤ n (2)

for a symmetric matrix W . The feasible points are the sets of vectors x ∈ {−1, 1}n,
with each coordinate either−1 or 1. In principle, we can solve this problem by testing the
objective function x>Wx on all 2n such problems, but it is computationally inefficient
to do so. An interpretation of this problem is as follows: we want to group n elements
into two groups, one labeled with −1 and one with 1. The entry wij of the matrix can
be seen as the cost of having i and j in the same partition.

Using Lagrangian duality, show that the optimal value p∗ of (2) satisfies

p∗ ≥ n · λmin(W ),

where λmin(W ) is the smallest eigenvalue ofW .
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